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Abstract 

In the context of D-dimensional Euclidean gravity, we define the 
natural generalisation to D-dimensions of the self-dual Yang-Mills 
equations, as duality conditions on the curvature 2-form of a Rie- 
mannian manifold. Solutions to these self-duality equations are pro- 
vided by manifolds of SU{2), SU{3),G2 and Spin{7) holonomy. The 
equations in eight dimensions are a master set for those in lower di- 
mensions. By considering gauge fields propagating on these self-dual 
manifolds and embedding the spin connection in the gauge connection, 
solutions to the D-dimensional equations for self-dual Yang-Mills fields 
are found. We show that the Yang-Mills action on such manifolds is 
topologically bounded from below, with the bound saturated precisely 
when the Yang-Mills field is self-dual. These results have a natural 
interpretation in supersymmetric string theory. 
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1 Introduction. 



Self-duality in four dimensional Yang-Mills theory has had a remarkable im- 
pact in physics and mathematics. It is natural to ask if the four-dimensional 
equations for self-duality have an analogue in higher dimensions. This ques- 
tion was considered in [jl| and a natural set of equations for self-duality in 
dimensions four through eight were found (the eight dimensional equations 
were independently discovered in 0). These equations are: 

Fij,u = -4>pu\pF\p (1) 

Here, the duality operator (p^^Xp is related to the structure constants of 
the octonions |1|, 0. The self-dual Yang-Mills equations were considered in 
Euclidean gravity by replacing the Yang-Mills curvature with the curvature 
of the Riemannian 4-manifold. These equations imply Ricci flatness and thus 
their solutions obey Einstein's equations with zero cosmological constant. It 
is thus natural to consider the higher dimensional equations for self- duality 
[0, |] in the context of Euclidean gravity. That is the purpose of this noteQ. 

In the next section we will consider the above self-duality equations in Eu- 
clidean gravity, by replacing the curvature of the gauge connection with the 
components of the curvature 2-form of a D- dimensional Riemannian mani- 
fold. This is in analogy with the ansatz for self-dual gravity in four dimensions 
0. In the four dimensional case (both in Yang-Mills and Euclidean gravity) 
the equations for self-duality turn out to be first order equations. We show 
that this is also true for the equations considered herein. We will find that the 
D- dimensional Riemannian manifold must have holonomy SU{2), SU{3), G2 
and Spiniy) in D=4,6,7 and 8 respectively. In fact the equations in 4,6 
and 7 dimensions are derivable from those in D = 8 via dimensional reduc- 
tion. Following this we consider gauge fields propagating on the self-dual 
manifolds and by embedding the spin connection in the gauge connection, 
we show that solutions to the self-duality equations in Yang-Mills theory (1) 
can always be found. Once again, in analogy with the four dimensional case, 

•^Equations similar to (1), but with a nonzero constant different from ^ were also con- 
sidered in in their investigations of generalisations of self-duality to higher dimensions. 
However, these equations do not have such a simple interpretation in higher dimensional 
Euclidean gravity or Riemannian geometry and for this reason we do not consider them 
here. These equations have recently been considered in 
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the existence of these solutions is directly related to a topological bound on 
the Yang-Mills action. Finally we discuss a natural interpretation of these 
results in the context of supersymmetry and superstring theory. 



2 Self-Duality in D-dimensional 
Euclidean Gravity. 

The purpose of this section is to study the D-dimensional equations for self- 
duality in the context of Riemmanian geometry. We will see that self-duality 
has some remarkable consequences: namely that Einstein's equations are 
obeyed with zero cosmological constant. 

Let Rab be the components of the curvature two-form R for the D- 
dimensional oriented Riemannian manifold Mp. R is constructed from the 
connection one-form coefficients Uab through: 



We are interested in studying the self-duality equations (1) with the gauge 
field strength replaced with the curvature Rab- These equations are simply: 



We will take these equations (with the duality operator (pabcd to be spec- 
ified shortly) to be the defining conditions for self-duality in D-dimensional 
Euclidean gravity, with 4 < D < 8.0 

We begin in D = 8, because from here, the equations in D = 7,6,5,4 
can be derived by dimensional reduction. In D = 8, the natural choice, [||], 
for the duality operator, (pabcd, is the unique Spin{7) invariant four-index 
antisymmetric tensor which is Hodge self-dual. In fact, this tensor can be 
identified with the coefficients of the self-dual 4-form (denoted in what fol- 
lows by (j)) which encodes the Spin{7) structure of an 8-manifold, Mg, with 
holonomy Spin{7). 

^In fact, it is straightforward to show that this second order equation on the metric is 
actually equivalent to a first order equation. Specifically the duality condition is equivalent 
tOU} = ^iv. 



Rab — dcJab + '-^acl\^ch 



(2) 



Rab — —(pabcdRcd 




(3) 
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With this choice, the equations that the curvature be self-dual in the 
sense of (3) are a set of 7 non-trivial constraints among the 28 components 
Rab- Thus, if the curvature is self-dual, the holonomy group of M§ is 21 
dimensional. From Bergers list we see that self-duality implies that Mg 
has holonomy Spin{7). In fact, the equations for self-duality are equivalent 
to those discussed by Bonan 0, who pointed out that Mg is Ricci flat, and 
admits a unique, nowhere vanishing 4-form, whose coefficents are precisely 

2.1 4<L'<8 

It was pointed out in that by deleting one index, say the eighth, in the 
D = 8 case, one finds equations for D = 7 self-duality. Repeating the 
process, one gets equations in D = 6, 5, 4. The D = 4 equations are precisely 
the instanton equations. In this sense, the eight-dimensional equations are a 
master set in which the lower dimensional ones are imbedded. 

In the context of Euclidean gravity that we are discussing here, being 
able to delete ri-indices in the eight dimensional equations requires that the 
eight-manifold is the product of an (8 — 'n,)-manifold, M§_„, with an ri-torus 
or i?". The equations then reduce to a set of self-duality equations on the 
(8 — ?7,)-manifold, which will have non-trivial holonomy. The fact that the 
original eight-manifold is Ricci fiat automatically implies that Mg-n is Ricci 
fiat also. 

For ri = 1 we find that self-duality is a set of 7 conditions for self duality 
among the 21 components of the curvature 2-form of the 7- manifold. My. 
These equations imply that My has holonomy G2 and were first discovered 
by Bonan |^. In fact in this case, (pabcd is identified with the components of 
the coassociative 4-form, which together with its 3-form Hodge dual encodes 
the G2 structure of the manifold. 

For n = 2 we find a set of 7 self-duality constraints among the 15 compo- 
nents of the curvature of Mg. These equations imply that Mg has holonomy 
SU{3). The duality operator in this case is identified with the components 
of the Hodge dual of the Kahler form. 

The case = 3 is essentially trivial as was also noted in the gauge theory 
case in |]1|. This is because there exists a direction, say the fifth coordinate, 
for which all components of the curvature with indices in this direction vanish 
under self-duality. Thus, M5 is the product of a four-manifold with a circle 
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or the real line. In fact, the four manifold has holonomy SU{2). 

The case n = 4 leads to the usual equations for self-dual Euclidean gravity 
in four dimensions. 

Explicit (non-compact) examples of metrics with the holonomy groups 
above are known [0, 3 . All of these may now be interpreted as gravita- 
tional instantons which satisfy equation (3). 

To summarise the results of this section: self-duality in D-dimensional 
Euclidean gravity as defined by equation (3), leads to the conclusion that the 
space-time manifold Md has holonomy SU{2), SU{2) x {1}, SU{3), G2 and 
Spiniy) for D = 4,5,6,7,8 respectively. Further the duality operator (pabcd 
is identified with the components of some fundamental, nowhere vanishing 
4-form (j) on the manifold^. All of these manifolds obey Einstein's equations 
with zero cosmological constant. 



3 Self-dual Yang-Mills fields 

Using the technique of embedding the spin connection [T^ in the gauge con 



nection we are able to construct a self-dual gauge field directly from the 
self-dual metric of the previous section. 

Let Gab be the generators of one of SU{2), SU{3),G2 or Spin{7). The 
ansatz for the gauge field (embedding the spin connection in the gauge group) 
is ^4 = 7 Gab^ah- The form index of A comes from the form index of uj while 
the Lie algebra structure of A comes from that of G. We easily see that 

F = dA + AAA (4) 

= 7 GabduJab + 7^ Gab^ac A UJcb (5) 

where k is a constant that depends upon the group generated by Gab- In 
each case it is trivial to solve for 7 giving F = 7 GabRab- Duality of F follows 
from that of R and the symmetry of R^u\p between the first pair and second 
pair of indices. 

As noted in the introduction, self-duality of the gauge field in four- 
dimensions has a deeper meaning. Self-dual gauge fields minimize the Yang- 
Mills action and the action at the minimum is a topological invariant. The 



^ The 4-form in eight dimensions can be written as 777'^"'"^ 77, where 7y is a covariantly 
constant unit spinor. 
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field configuration is that of an instanton. It is a remarkable result and 
further confirmation of the naturalness of our construction that an entirely 
analogous topological bound appears in eight dimensions for these instantons. 
The toplogical bounds for Yang-Mills field configurations in lower dimensions 
are unified in the discussion of the eight dimensional bound. 

From the definition of Hodge duality and 0-duality in eight dimensions 
we can easily derive the following. 



We have used the identity (j)ahij4>abki = Q{SikSji-6ii6kj)-4:(f)ijki to prove the 
equality in (7). The final line is proportional to the evaluated first Pontrjagin 
class of the gauge bundle for which F is the curvature. Furthermore, when 
F — 'f'F the inequahty is saturated. The key point is that the (/>-self-dual 
action is a topological invariant. 

In line with our previous observations on the reduction of this eight- 
dimensional duality to lower- dimensional dualities we have corresponding 
reductions of this topological bound. The process of reduction leads us finally 
to the well-known formula in four dimensions. In general we have, 

S?M=-J TrF'>-[ Tr{FAF)AxD-4 (9) 

4 J Mo J Mo 

where Xd-a is proportional to the Hodge dual of the appropriate 4-form 4> 
on Mf). That is, Xd-4 is proportional to: 1 in four dimensions; a trivial one- 
form in five dimensions; the Kahler form in six dimensions; the Hodge dual 
of the coassociativc 4-form in seven dimensions; and the 4-form itself in eight 
dimensions. In each case the Yang-Mills action is bounded by a topological 
quantity and the bound is saturated when F satisfies the relevant duality 
equation in D-dimensions. 
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4 Discussions 



We have shown that in eight dimensions there exists a set of master duahty 
equations for self-dual Yang-Mills and self-dual Euclidean gravity in the sense 
defined by equations (1) and (3). This master equation incorporates self- 
duality in lower dimensions four, five, six and seven. 

Our results have an explicit link with supersymmetry. The list of self-dual 
manifolds that we have presented are precisely those which admit covariantly 
constant spinors. These are the the only manifolds which provide supersym- 
metric vacuum solutions of theories with local supersymmetry. This is an 
intriuging and unexpected surprise. 

As well as being important for Einstein and Yang-Mills theories and their 
supersymmetric counterparts in eight dimensions and lower, our construction 
turns out to be very natural in string theory. In the low energy effective field 
theory of the heterotic string there is an anomaly cancellation condition, 

dH = trRAR- —TrF A F (10) 
30 ^ ^ 

which is automatically satisfied by our ansatz. Our solutions are in fact 
solutions to all the equations of low energy heterotic string theory in 9 -|- 1 
dimensions when one takes the dilaton to be constant and the torsion to be 
zero. Hence the noncompact examples of such metrics are solitonic solutions 
to heterotic string theory^. More general classes of string soliton may easily 
be constructed from this starting point [0 if we now relax the restrictions 
on the dilaton and torsion H and only partially embed the spin connection 
in the gauge connection^. New classes of string solitons arise in these cases 
and one finds a variety of these solitons entirely analogous to the varieties of 
heterotic 5-brane solitons as discussed in |T3| . 

This new construction in field theory and string theory is intimately linked 
with the existence of octonions or Cayley numbers. 5*0 (8) may be decom- 
posed into G2 X si X Sji where the left and right seven spheres are left and 
right multiplication by octonions[0]. The eight dimensional duality condition 
is related to this decomposition in precisely the way that the four-dimensional 



^Note that by embedding the spin connection in the gauge connection, each metric on 
Md automatically gives a solution of (1) in flat space. 

^Simple examples of solitonic solutions with non-zero torsion are given in [[ll|. 
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duality is related to the decomposition of 5*0(4) into Sf^ x where the left 
and right S'^'s are multiplication by quaternions. 

Could it be that octonions have a more fundamental role to play in the 
current attempts to reformulate string theory? There are now several pieces 
of interesting work pointing in this direction 
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